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(-H \ Abstract. Let K he & global field of positive characteristic. Let oo be a fixed place 

'^ ■ of i^. This paper gives an explicit isomorphism between the space of automorphic forms 

(resp. cusp forms) for GLn+i{K) that transform like the special representations and certain 
spaces of harmonic cochains (resp. those with a finite support) defined on the Bruhat-Tits 
building of GLn+i{Koo). 
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-^. Introduction 

X 

\-{ ■ Let i^ be a global field of characteristic p > 0, that is a function field of a smooth geomet- 

rically irreducible projective curve C over a finite field of characteristic p. We identify the 
places of K with the closed points \C\ of C. Let cxd g \C\ be a fixed place of K and Koo be 
the completion of K at this place. Denote by A and A/ respectively the ring of adeles and 
that of finite adeles of K. 

Denote by G the reductive group scheme GLn+i- Let M be a commutative ring (with 
unit) and L be an integral M-algebra of characteristic zero. M and L are assumed to be 
endowed with the trivial action of G{Koq). For an open compact subgroup Rf of G(A/) 
denote by Slut ^(L) the space of L- valued automorphic forms that are invariant under Aj. 
These are functions defined on 

G{K)\G{A)/Sij X ^ooZciKj 



for some open compact subgroup ^oo of G{Koo). Denote by 2lut^^(L) the subspace of such 
functions that moreover are cuspidal. 

Let X be a set of representatives of the double cosets G{K)\G{Af)/Rf. It is a finite set. 
For any x G X the intersection T^ := G{K) Ci xAfX~^ in G{Af) is an arithmetic subgroup 
of G{K). For an integer k, < k < n, denote by S)arm'^{M, L)^2^ and respectively 
Sjarrrii (M, L)^^ the space of harmonic cochains on the Bruhat-Tits building of G^K^o) 
invariant under the action of F^ and respectively of those with finite supports modulo F^. 

In this paper, using a result we established in |T] and that gives in any degree k, 
< k < n, a.n explicit isomorphism between the space of /c-harmonic cochains and the 
dual of the fc-special representation Sp^(M) of G{K^), also following the ideas of Drinfeld 
that did the work for G = GL2, see [6] or also [10], we prove, Th. 14. ![ that for every k, 
< k < n, we have M-isomorphisms : 

^Sjarm\M,Lf'' = HomM[G(i^^)](Sp^M), 2twt^^(L)) 



x&X 



and 



^^arm^{M,L) ^ = HomM[G(x^)](Sp'=(M), ^ut7{L)). 
xex 

These isomorphisms are given explicitly. 

We organise this paper as follows. In the first section we give a brief description of the 
Bruhat-Tits building associated to G{Koo). In the second section, we recall the notions 
of harmonic cochains and special representations and give the link between the two. In 
the third section, we recall the notions of automorphic forms and cusp forms, we look 
at them as functions defined on the adele groups and we give another interpretation of 
them as functions defined on the component at infinity, then we give other properties in 
particular when looking at them through the special representations. Finally, in section 
4, we give an explicit link between the automorphic and cusp forms that transform like 
special representations and the harmonic cochains, cf. the isomorphisms above. 

1 The Bruhat-Tits building of GLn+i{K^) 

For general properties of buildings, see |1] and [7]. An introduction to the Bruhat-Tits 
building of G{K^) with pointed cells is given in [5]. 

The Bruhat-Tits building (pointed cells). Let V be the standard vector space K"^^. 
A lattice in V^ is a free Ooo-submodule A of V^ of rank n + 1. The Bruhat-Tits building of 
G{Koo) may be described as a simplicial complex J whose vertices are the dilation classes 
of lattices. More precisely, two lattices A and A' are in the same class if A' = AA for some 
A G K*^. The class of A is a vertex v and is denoted v = [A]. For A;, < A; < n, a /c-cell a 
in 3 is a set of A; -|- 1 vertices {[Aq], [Ai], . . . , [A^]} such that : 

■ ■ ■ 2 Ao 2 Ai 2 ■ ■ • 2 Afc 2 ^ooAo 2 ■ ■ • (1) 



Notice that there is an obvious cychc ordering (mod. [k + 1)) on the vertices of a. 

A pointed k-ceW of 2f is a pair (cr, v) consisting of a k-ce\\ a together with a distinguished 
vertex v of a. Notice, therefore, that in the case of a pointed cell (a, v) there is a precise 
ordering on the vertices. \i v = [Aq] we write : 

(a, t;) = (Ao 2 Ai D . . . D Afe D tt^^Aq). (2) 

For each k, < k < n, let 3^ be the set of pointed fc-cells of 3. 

The action of G{Koo). For a fixed basis of the vector space V, the action of G{Koo) on 
V is given by the matrix product ug~^ where u E V is considered as a line matrix with 
respect to the basis of V. This action induces an action of G(/Coo) on the vertex set of the 
building 3 by 

g.v = [Ag-^]. 

Thus, G{Kao) acts on the cells by acting on their vertices. 

The type of a pointed cell. (Cf. [5, §1.1].) Denote by Kqo = Ooo/t^odOoo the residue 
field of Koo- Let a = (Aq 2 Ai ^ • • ■ ^ A^ ^ vTooAq) G 3*^ be a pointed A;-cell. The type of 
a is defined as follows : 

t(a) = {di,...,dk+i) 

where di = dim^^ Aj_i/Aj for each i = 1, . . . ,k + 1 (here, we suppose A^+i = tTooAq). 

Since clearly the action of G{Koo) preserves the dimension of the /too-vector spaces 
Aj_i/Aj, it preserves the type of the pointed fc-cells as well. 

The standard cells. Let {ui, . . . ,Un+i} be the standard basis oi V = K^'^. Consider, 
for each i = . . .n, the vertex v° = [A°] represented by the lattice : 



Aj = TCooOooUl © ■ ■ ■ © TTooOooUi © Ooo^i+l © " " • © Ooo^n+l- 

Since the A°, < i < n, satisfy ([1]), we have an n-cell ag = {vq,v°, . . . ,v!^} called the 
fundamental chamber of 3. 

Now, once and for all, fix A = {1, . . . , n}. For each / C A such that A — I = {ii < 
■ ■ ■ < Zfc}, we have a fc-cell 

a, = K, <,..., <J. (3) 

The aj, I C A, are called the standard cells of the Bruhat-Tits building 3. These cells 
are the faces of the fundamental chamber o"0 having Vq as vertex, called the fundamental 
vertex of 3. 

We denote by T the standard maximal torus of G{K^) of diagonal matrices and by N 
its normalizer in G{Koo). Since the Weyl group W = N/T of G{Koo) with respect to T 
is isomorphic to the permutation group Sn+i, W is generated by the set S" = {sj, i G A} 
of the reflexions Si which correspond to the transpositions {i,i + 1) G Sn+i- We have the 
following lemma : 



i times 

Lemma 1.0.1. Let yi, < i < n, be the diagonal matrix yi = diag(l, • • . , 1, tToo, • • • , tToo) 
and let Wi = (sjSj+i ■ ■ ■ Sn)(si-iSi ■ ■ ■ s„_i) ■ ■ ■ (siS2 ■ ■ ■ Sn-i+i) e W. We have : 

U (^, <,) = «,, • • • , <,<),< 5 • • • , <,_i) is a face of the pointed chamber (o-0, t;° ), where 
< io < ii < ■ ■ ■ < ik "^ n and < j < k, then 

where A — I^ = {ij+i — ij<---<ik — ij<n+l + io — ij<---<n+l + ij_i — ij}- 

Proof. The vertices of the fundamental chamber are v" = [Aj] . We can easily check that 
the representants A^ of these vertices satisfy : 

Aiy,w,-<^ A.Voo if t<l<n. 

Therefore, by taking into account the way in which G{K^) acts on the vertices of J, it 
follows that : 

l„-l„o _ / <+l+l-^ if < / < ^ - 1 



^i Vi ^l - \ o ■( ■ ^ 1 ^ 

hence w~^y~^{a(i,,v°) = (o-0,fQ) and, if (cr, f°.) and Jj. are as in the lemma, we have 

Since the action of G{K^) is transitive on the chambers of J, the lemma above shows 
that G{Koo) acts transitively on the pointed k-celh of a given type. So, if we denote by 
tj the type of the pointed standard k-ceW ((T/,fo), by J^'*^ the set of all pointed k-ceWs of 
type t/, and by Bj the pointwise stabilizer in G{Koo) of the standard cell aj, we have a 
one-to-one correspondence 

G{K^)/Bi^j''''. (4) 



2 Harmonic cochains and special representations 

Through all this section, we fix a commutative ring M and an M-module L. Assume that 
G{Koo) acts trivially on M and that L is endowed with an M-linear G'(-ft'oo)-action. 



2.1 Harmonic cochains 

From now on, we sometimes denote by cr a pointed cell {a, v) when it is clear that it is 
pointed and which vertex is distinguished. 

Let us recall the definition of harmonic cochains given by E. de Shalit ([5l def. 3.1]). 

Definition 2.1. Let k be an integer such that < k < n. A k-harmonic cochain with 
values in the M -module L is a homomorphism i) G }iom.M{M[3'^], L) which satisfies the 
following conditions : 

(HCl) If a = (fo,fi, . . . ,t'fe) E 3'^ is a k-pointed cell and if a' = {vi, . . . ,Vk,Vo) is the 
same cell but pointed at vi, then 

Ha) = (-l)'=[)(a'). 

(HC2) Fix a pointed {k — l)-cell rj G 3^~^ , fix a type t of pointed k-cells, and consider the 
set B{ri,t) = {a G 3'^] rj < a and t{a) = t}. Then 

(HC3) Let k > 1. Fix a = (Aq 2 ^i 2 ' ' ' 2 ^fc 2 ^ooAq) G J^ and fix an index 
0<j<k. Let C{a,j) be the collection of all a' = (AJ, 2 A; D ■ ■ • D A'^ D tTooA^,) G 3'' for 
which A'j_ = Aj if i ^ j, Aj D A'- ^ Aj+i and dim^ A'/Aj+i = 1. Then 

a'GC{a,j) 

(HC4) Let a = (fc^i, . . . ,Vk+i) G 3'''^^. Let aj = (vq, . . . ,Vj,. . . ,Vk+i) G 3''. Then 

k 

E(-iy[)(a,) = 0. 

j=0 

For any k, < k < n, we denote by S^arm (M, L) the space of fc-harmonic cochains 
with values in the M-module L. 

The action of G{Koo)- The action of G{Koo) on Sjarm (M, L) is induced from its natural 
action on HomM(Mp'^], L), namely 

ig.i)){^) = gMg''^) 
for any [) G Sjarm^{M, L), any g G G{Koo), and any a G 3'^. 



2.2 Special representations 

Let P be the upper triangular Borel subgroup of G{Koo)- A parabolic subgroup of G{K^) 
is a closed subgroup which contains a Borel subgroup. The subgroups which contain P 
are said to be special; these subgroups are completely determined by the subsets / of A. 
Indeed, if for each / C A, we let Wi be the subgroup of W generated by the Sj, i G /, it 
has been shown that the subset 

Pf = PWiP (:= PNiP where Nj <Z N is such that Nj/T = Wi) 

is a subgroup of G{Koo) containing P, and that every subgroup of G{Koo) containing P is 
a certain Pj for / C A. Note that P = P(d. 

The group G{Kao) is a locally compact topological group, its topology being induced from 
that of the non-archimedean field Koo- We know, that for any / C A, the homogeneous 
space G{Koo)/Pi is compact with respect to the quotient topology. 

Denote by G°° {G{Koo)/Pi,M) the set of locally constant functions on G{K^)/Pi with 
values in M. 

The action of G{Koo)- The action on G°°{G{Koo)/Pi, M) is induced by the action by 
left translations on G{Koo)/ Pi- 

For any /i C /2 C A, we have natural commutative diagrams of M[G'(-ft'oo)]-monomorphisms 

G^{G{K^)/P, M) 

G°°{G{K^)/Pi,,M) -^ C°°iG{K^)/Pj„M), 

and the special representations of G{Koo) are defined as follows : 

Definition 2.2. Let k be an integer with < k <n and let Jk be the subset |l,n — kj of 
A. A k-special representation of G{Koo) is the M[G{Koo)]-module : 

C-{G{K^)/Pj„M) 



S/(M) 



EU-k^iC-iG{K^)/Pj,^yy,My 



In case k = n, this is the ordinary Steinberg representation. 

One thing important to know about the special representations is that they are cyclic. 
Indeed : 

For each / C A, we denote by Bj the open compact subgroup of G{0oo) which is the 
inverse image of the standard parabolic subgroup P/(/€oo) of G{k,oo) by the map "reduction 
mod. TToo" : G{0oo) — > G{k,oo). The parahoric subgroups of G{Koo) are the conjugates in 
G{Koo) of the B°j, I C A. Note that we have 

Bi = B;K*^, (5) 



and that then the Bj is compact open modulo the center of G'(i^oo)- 

Let / C A. For any subset H of G{K^), we denote by xhPj e C°° {G{K^)/Pj, M) the 
characteristic function of HPj/Pj. 

Proposition 2.1. (P. Schneider and U. Stuhler) The M[G{K^)]-moduleC" {G{K^)/ Pi,M) 
is generated by the characteristic function XbiPj ■ 

Proof. See [TTl §4, prop. 8' and cor. 9']. D 

2.3 Harmonic cochains and special representations 

Let k be an integer, < fc < n. In [1] we proved that the space of harmonic cochains 
of degree k is isomorphic to the dual of the fc-special representation. For this purpose, 
inspired by the definition of the harmonic cochains and using parahoric subgroups, we 
defined a certain type of sets. Here we recall these essential points. 

Let / C A such that A — I = {ii < 12 < ■ ■ ■ < ik}- It is clear that for any m = 1, . . . , /c, 
we have im <n — k + m. Set 

^I = ^[Jfc+l,nI^[n+l,n.-fc+lI-^[l,n-A:I ^ud Gj = i?[i;, + l,n]5[n + l,n-fc+l]-Bp^„_fc] (6) 

The set G°j is compact open in G{Koo) and we have Gj = GjK^, see §2.21 Hence, the set 
GjPjjPj^ = G°jPjjPj^ is compact open in G{K^)/Pj^. 

Theorem 2.1. For any k, < k < n, there is an M[G{Kf^)]- isomorphism 

S^arm''{M,L) ^ HomM(S/(M), L) 

Proof. The proof here involves hard computations of combinatorial nature. The interested 
reader could find it in [1]. For later use we just need to describe the isomorphism. The 
isomorphism is given by the map : 

$ : Sjarm\M,L) -^ HomM(S/(M), L) 
which to a harmonic cochain f) associates the M-linear map cpf^ defined by 

^ifigXBj^PjJ = i)igiaj^,v^)), (7) 

for any g G G{Koo). The inverse map 

H : HomM(Sp'^(M), L) — ^ 9jarm\M,L) 

sends (p to i)^ given by 

^vi9{(^i,Vo)) = ip{gxciPjJ, (8) 

for any g G G{Koo)- □ 



3 Automorphic forms 
3.1 Automorphic forms 



Let A = rii/gici ^'^ ^^ ^^^ "^S of adeles of K, i.e. the restricted product of the family 

{Ki,)y(z\x\ with respect to the family of the compact open subrings {Oy)i,(z\c\ : 

A = {{ay) G 1 I Ky\ ay G Oy for almost all z/ G \C\} 

ue\c\ 

We denote by O = Ili/eici ^'^^ ^^ ^^ ^^ open compact subset of A. We can write A = 
A/ X Koo et O = O/ X Ooo, where we have set A/ = rii/eici-ioo} -^^^ ^^^^ "^§ ^^ finite adeles 
ofKandO^ = n.e|c|-{oo}0.. 

For any a & K, we have z/(a) = 0, for almost all z/ G |C|, which means that K can be 
seen as a subfield of A imbedded diagonally. 

In what follows we work with G{K),G{A) et G{0) . . .that have the same properties 
than i^, A, O . . . recalled above. For example, G{K) is embedded diagonally in G{A), G{0) 
is a compact open subgroup of G(A) . . . 

Let M be a commutative ring with a unit and L be an integral M-algebra of charac- 
teristic zero. Assume these are endowed with the trivial action of G'(A). 

Definition 3.1. (G. Harder, ^8]) An automorphic form with values in L, with respect to an 
open compact subgroup ^ of G{0), is a function f : G(A) — )■ L, such that fi'jgk) = f{g) 

forjeG{K),g_eG{A)andkeSiZGiK^). 

An automorphic form is a cusp form if moreover : 

/ filL9)dui = 

Jui{K)\Ui{A) 

for every J C A, (duj a Haar measure which is normalized with respect to the compact 

Ui{K)\Ui{A)). 

In fact this integral is a finite sum, so it has a sense for any choice of L of characteristic 
zero. 

Denote by ^ut{^,L) (resp. Qiuto{R,L)) the set of L-valued automorphic forms with 
respect to an open compact subgroup R of G(0) (resp. the set of those that are cusp forms). 

From now on, once and for all we fix an open compact subgroup Kf of G{Of), X = Xj^ 
a set of representatives of the double cosets G{K)\G{Af)/^f. For every x G X, we let F^ 
the arithmetic group xRfX~^ fl G{K). Put 

^ut^f{L) = [JQiut{^fX ii^, L) and Qiut^^ {L) = [JQluto{^f x ji^, L) 



where ^oo runs through the open compact subgroups of G{0oo)- 
• The action G{Koo) '• G{Koo) acts on Qiut^f{L) by the formula 

{9-f){9) = f{9_9)- (9) 

Indeed, it is not difficult to see that if / is in 2t'ut(^/ x ^oo, L) then g.f belongs to 

We end this paragraph by stating the following important result about cusp forms : 

Theorem 3.1. (G. Harder) Let R be an open compact subgroup ofG{A). Then there exists 
an open subsetUfi ofG{A) such thatG{K)Usi^ZG{Kao) = Ua, the quotient G{K)\Uii/ RZg{Ko 
is finite, and we have : 

supp(f) C Uji, pour tout f G 2luto(^, L). 

Proof. See [S cor. 1.2.3]. D 

3.2 Automorphic forms as functions on G{Koq) 

Definition 3.2. A subgroup T of G{K) is said to be arithmetic if it is commensurable with 
G{A), i.e. ifTn G{A) is a subgroup of finite index in both T and G{A). 

For any subgroup Sjf of G{Af), choose a set Xf,^ C G(A/) of representatives of the 
double cosets G{K)\G{Af)/Sjf. For every x G X^j^,, let 

T^=G{K)nxS^fxr^ 

be the intersection in G{Af). It is a discrete subgroup of G{Kao)- 
The following is a well known result, see [S]. 

Proposition 3.1. If a subgroup S)f ofG{Af) contains an open compact subgroup ofG{Af), 
then Xs^j is a finite set. If, moreover, Sjf is open compact in G{Af), the T^ (x G X^^j) are 
arithmetic. 

We have : 

Lemma 3.2.1. Let H^ be a subgroup of G{Kao) o,nd Sjf be a subgroup of G{Af). For any 
X G X^ , let r^ = xSjfXT^ n G{K). We have a bijective correspondence : 

GiK)\GiA)/{SjfxH^)^ l[ T,\G{K^)/H^ 

given by the map which sends G{K)g{Sjf x Hoo) to the double class TxT^^gooHoo, for any 
g_= {rxhf,goo) e G(A). 



Proof. 

The map is well defined. Indeed, let g = {griQoo) ^ G'(A) and let t,t' G G{K) and 
hLfilkf ^ -^/ be such that g = rxhj = r'xh'r. This implies that r^^r' = xhjh'r x^^ G 
xSjfX-^ n G{K) = r^, then : 



T goo = (r t')t' g^ G T^r' g^o- 

For the infinite component, The right invariance of the map Hoc is clear. 

The map is surjective. For any x G Xj^^ and any goo G G{Koo), the double coset T^gooHoo 
is the image of G{K){x,goo){S^f x /7oo)- 

The map is injective. Let g = (rxh^, goo) and g' = (tV/i^, (7^) be such that T^T'^gooHoo = 
^x'T'~^g'oQHoo- The union over Xs^^ being a disjoint union, we must have x = x'. Thus, if 
7 G r^ and hoo G Hoo are such that r'^g^o = 'yT'~^g'^hoo, we have 

1= i'rxhj,goo) = irxhf,T-fT'^'^g'^hoo) = r-iT'~^{T'-i~^x,g'^){hf,hoo). 

Now, since 7"^ G F^ = xS}fX^^ fl G{K), there exists li'j G S)f such that 7"-*^ = xh'jrX^^. So 

5, = r7r'"^(r'x, , g'oo)ill}hf, h^o) = r-fT^^iilif^lijhj, h^o), 

which means that g and g' are representatives of the same double coset modulo G{K) on 
the left and modulo S)f x Hoo on the right. D 

This lemma 13.2.11 gives us a way to interpret the automorphic forms as functions defined 
on the quotient sets F^\G(i^oo) right invariant under some open compact subgroup .^oo of 
G{0oo) and under Zg{Koo)- More precisely, if for each x^X one defines : 

QlutJ^L) (resp. ^utx,oiL)) 

to be the set of functions / : G{Koo) ^ L, left invariant under F^ and right invari- 
ant under .^00^0(^^00), where .ftoo is an open compact subgroup of G{0oo) which de- 
pends on / (respectively, the set of such functions that moreover have a finite support 
in F^\G'(-ft'oo)/-^oo^G(-^oo))- Then we have the following : 

Proposition 3.2. We have isomorphism of M[G{Koo)]-m,odules : 

x£X 

which maps {fx)x to f defined by the formula f{g) = fj^^^goo) forg = (rxkj, Por) G G(A). 
Moreover, by this isomorphism when we restrict to the cusp forms we get an isomorphism 
of M[G{Koo)]-modules : 

x&X 

10 



Proof. The first isomorphism is a direct consequence of Lemma I3.2.1[ To get the second 
isomorphism we only need to use Theorem I3.1[ D 

We finish this section with the following remark that motivates out link between auto- 
morphic forms and harmonic cochains. 

Remark 3.1. Let us for while get back to the Bruhat-Tits building. For any / C A such 
that |A — /| = k, if in the lemma above we put Hoc = Bj = B°jZg{Koo), then, see Q) in 
§[21 we get a one-to-one correspondence : 

G{K)\G{A)/{^f X b;Zg{K^)) ^ II r^\5^^'*^ 

xex 

In this section the link between automorphic forms, functions defined on G{K)\G{A) and 
right invariant by an open compact subgroup of G{A) and by Zg{Koo), and harmonic 
cochains defined on 3^ and which are invariant under the action of the arithmetic groups 
T^, xeX. 

3.3 Automorphic forms through special representations. 

Recall, see Proposition 12. ![ that as an M[G(Koo)] -module the space G°°{G{K^)/Pj, M) 
is generated by the characteristic function XBjP,,- So every element f? G Sp (M) is of the 
form : 

m 

with aj G M and ^ G G{K^). Therefore by the action of G{K^) this g is invariant 
under the open compact subgroup : 

m 

^l = f] (fooB°jQ^~' n G(Ooo) (10) 

ofG(Ooo). 

Proposition 3.3. Let J^ be the set of all functions f : G{Af) -^ L endowed with the action 
of G{K) coming from left translation on G{Af). We have an M -isomorphism 

vl> : HomMiSp'iM), ^)«(^) ^ HomM[G(K^)]{Sp\M), 2lMt^/(L)). 

which sends if toif)^ defined as follows. For any q G Sp (M), the function if) ^{q) : G{A) ->■ L 
is given by the formula 

i^^{Q){9) = v{9oo-Q){g_j) 

forg_= ig_^,goc) e G{A). 

11 



Proof. 

^ is well defined. Indeed, let us show first that for any g e Sp'^(M), we have i/j^pig) G 
Qlut^^{L). Recall that G{K) is seen as a subgroup of G{Af) and of G{A) embedded 
diagonally, so let r G G{K) and write r = {tj,Too) where Zj- = t E G{Af) and t^o = 
T G G{Kao)- Let R^ be the open compact subgroup of G'(Ooo) given by flUJ]) and recall 
that then ^ is invariant under R^Zg{Koo). Let (? = {g,,goo) G G(A) and A; = {kj,koo) G 
% X i^^ZG(is:oo). We have : 

i>^ig)iTgk) =^IJ^ig)iTjg^kf,T^gookoo) 
= [^iT^gookoo-Q)]iZfljkj) 
= [{-r^^ ■V){9ookoo-Q)]{g_jkj) 
= <f{goo-Q){lj) 

The equality before the last comes from the invariance of ip under G{K), of g under 
^I^Zg{K^) and of J^ on the right under %. Therefore tp^ G Qiut{^f x J^^, L) C ^ut^f{L). 
Now let us check that -ip is a homomorphism of M[G' (-ft'oo)]-modules. For any g G Sp'^(M), 
g = [g figoo) G G(A) and Moo G G'(-ft'oo), we have : 

'0v'(^oo-p)(fl^) = ^igooUoo-g){ij) 
= i'ip{Q){g_f,gooUoo) 
= i'v:>i0)iguoo) 

therefore ipip{uoo-g) = Uooipipig) for any g G Sp^{M) and any Uoo G G{Koo)- Consequently, 
ipip is a homomorphism of M[G(ii'oo)]-niodules and \E' is well defined clearly M-linear map. 
To prove that \E' is an isomorphism we give its reciprocal 

^': HomM[G(i^^)](Sp'=(M),2lnt^^(L)) ^ HomM(Sp^M), ^)^W 

i) ^ (^^ : Sp^(M) h^ J- 

where for any ^ G Sp (M), the function Lp^ : G{Af) ^ L is given by the formula : 

^Ao)i9_f) = 'iP{Q){{9_jAoo)) 

ioTg^eGiAf). 

Let us check that indeed (Pip{g) E T for g E Sp^(M). For any g G G{Af) and any fcj G %, 
we have : 

^Miljkj) = ip{g){g_^kj, loo) = ip{Q){{g_j, loo)(^/, loo)), (H) 

but ipig) G Qiut^f{L), there is then an open compact subgroup .^oo of G(Ooo) such that 
ip{g) is right invariant under ^f x .^oo- We have (fcj, loo) G .^/ x .^oo, hence : 

'^{Q){{g_j, loo)(^/, loo)) = ij{Q){gp loo) = ^t^{g){g^)] 
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these equalities with that of f lTT]) give ^p^{g){g rkf) = '{'i>{.Q){.9 f) and therefore v'v(^) ^ -^^ 
Let us now check that ip^ is invariant under the action G{K). Let r G G{K), r = (r^, Too) G 
G{Af) X G{Kao)- By the way r acts on y9^ and on the elements of J-", for any f? G Sp^^^M) 
and any gf G G{Af), we have : 

[(r.y?psi)(^)](^^) = [Tf.yD^{T^\g)]{g_^) = <p^{r~\g){Tj^g_^) = ij{T^^.g){Tj^g_^, loo), (12) 

than, since ■?/' is a homomorphism of M[G'(/Coo)]-Kiodules, we have : 

Hr-'.6){rj'lf, loo) = [T^'.i^{Q)]{T/lf, U) (13) 

and by the way G{Kao) acts on iI){q) G ^ut^^{L), we have : 

[r^'-i^{Q)]{r-f'9_p U) = ^(f?)((r7^^^, loo)r^') = ^(f^)(r^-^£^,r^^), (14) 

and finally, as r seen in G(A) is equal to (r/,roo), we have {tj^^q ,t^^) = T~^{g , loo), 
hence : 

'ip{0){rf^9_f, ^oo^) = 'ip{Q){r'\9_p loo)) = ^{q){Ip loo) = ¥'^(^)(^^)- (15) 

From the equalities flT2|) . flT3|) . flT^ and f fTSj) we conclude that we have [{T.({)^){Q)]{g ) = 
ip{g){g ), therefore ip^ is invariant under the action of r G G{K). 

The M-linear maps \1/ et \1/' are inverse of each other. On one hand we have \E' o vlf' = /. 
Indeed, let ^jJ G HomM[G{ifoo)](Sp (M), %ut ^{L)), let 99^ be its image by \1/' and let ipip^ be 
the image of y?^ by \I'. Thus, for any g G Sp^{M) and any (7 = ((? ,(700) G G{A), we have : 

V'¥'v.(^)(^) = vA9oo-q){9_j) = ^i,{9oo-Q){9_f) = ij{9oo-Q){gp loo), (16) 

and Tp being a homomorphism of M[G'(-ft'oo)]-niodules, also by the G(i^oo) acts on the 
automorphic form V'(p), we have : 

^{9oo-g)ig_j, loo) = (^oo-^(^))(£^, loo) = ■^{q){{9_^, 1oo)^oo) = ^{Q){9_f, loo^oo) = ^(^)(£)- 

Combining these equahties with that of (TT6l) . we deduce that we have ipip^{Q){g) = 4'{Q){g) 
for any g G Sp'^(M) and any g G G'(A), hence '?/'^^ = ■?/'. 

On the other hand we have ^' o ^ = /. Indeed, let p G HomAf(Sp''(M), F)^^^\ let 
ifjip = "^{f) and ip^^ = "^'{ipip)- As above, we need to prove that p^^ = p. For any 
g G Sp'^(M) and any g G G{Af), we have : 

<^^^(^)(^y) = %{g){g_f, loo) = <^(loo-^)(^^) = <^(^)(^_^)- 
Therefore, \I' is an M- isomorphism. D 
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Proposition 3.4. For every integer k, < k < n. For each x & X , we have an 
isomorphism of M -modules : 

^^ : HomM{^v\M), hf^- ^ HomM[GiK^)]{Sp\M), 2tMt^(L)). 

which to (f associates ifj^p defined as follows. For any q G Sp'^(M), the function iI)^{q) : 
G{Kao) -^ L is given by the formula : 

Proof. 

First, we need to prove that \l/^ is well defined. That is i'y^i^g) G "i^utJ^L) and ip^p is an 
M[G(ii'oo)]-honiomorphisni. Since ip : Sp (M) -;► L is an M-linear map invariant under 
r^, and Q is invariant under ^^^^(-ft'oo) where ^^ is the compact open subgroup given by 
( ITOl) above, then for any 7 G F^, gco £ G'(i^oo) and k^ G ^^Zg{Koo), we have 

V'</.(^) il9ockoc) = ^il9ookoo-Q) = il~^-V)i9oo-ikoo-0)) = ^i9oc-Q) = ^^(^)(5'oo)- 

It is clear that ip^p is M-linear, so it remains to check that it is G(ii"oo)-equivariant. Indeed 
it is, we have : 

-ip^iUoo-Q) (goo) = V{goo-{Uoo-Q)) = ^{{gooUoo)-Q) = 'ipip{Q){gooUoo) = [Uoo-'ip^{Q)]{goo)- 

for any goo G G{Koo), any Uoo G G{Koo) and any g G Sp^(M). 

Now, in order to prove that \1/^ is an isomorphism, we give its reciprocal map. To an 
M[G (i^oo)]-homomorphism ijj : Sp'^(M) -^ ^utJ^L) we associate a map (f^p : Sp*^(M) -^ L 
given by the formula : 

for any ^ G Sp (M) and where loo is the identity element of G{Koo). We need only to 
check that ip^ is invariant under F^ to get clearly an M-linear map : 

< : HomM[G(i^^)](Sp^M), Qiut^{L)) -^ HomAf (Sp'^lM), Lf^. 

For any g G Sp'^(M) and any 7 G F^, by the action of 7 on ip^ we have : 

{-f.(p^){g) = (^^(7"\^) = ?/^(7"^^)(loo), 

than, since ip is a homomorphism of M[G(Koo)]-niodules, and by the action of G{Koo) on 
the function ip{g) ^ QlutxiL) which is right invariant F^, we have : 

,p{^-\g){loo) = (7-'.^(f?))(loo) = ^(f?)(loo7"') = ^(f?)(loo) = Mq), 
we conclude, combining these equalities to preceding ones, that we have 'j.f^ = f^ for any 

7eF^. 
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The M-linear maps \l/^ and "^^ are isomorphisms reciprocal to each other. On one hand we 
have ^x o ^x = ^- Indeed, let tp G HomM[G{/r^)](Sp''(M), ^utJ^L)). For any q e Sp''(M) 
and any g^ G G{Kao), We have : 

^</.^(^)(5'oo) = V^l>i.9oo-Q) = ^(fi'oo-^)(loo), (17) 

than, from that fact ip is a homomorphism of M[G {Koo)]-in.odules and from that G{Kao) 
acts on the function ip{goo) £ ^ut^iL), we deduce : 

V'(5'oo-P)(loo) = [5'oo-^(^)](loo) = ^(^)(loo5'oo) = ^(p)(fi'oo)- 

From these equalities and that of flTTl) . we deduce that ipip^{Q){goo) = V^(f?)(fi'oo) &!■ any 
f) G Sp^(M) and any (^oo ^ G{Kao)- Consequently, we have ip^^ = tjj. 
On the other hand ^^ o ^^^ = /. Indeed, let (f G HomAf (Sp^(M), L)^^. Put ijj^ = ^xi^) 
and v^Vv ^ ^xlV'v?)- For any g G Sp^(M), we have : 

"P^A^) = ^^(^)(loo) = </'(loo-^) = </'(^)- 

So v^v.^ = if. D 

4 Automorphic forms and harmonic cochains 

4.1 A diagram to summarize the isomorphisms seen so far. 

In this paragraph we want to summarize all the preceding results in a commutative diagram. 
This helps in particular to see how to combine them to get the last result stated in this 
paper. Theorem 14. 1[ To complete the diagram we need the following lemma : 

Lemma 4.1.1. We have an isomorphism of M -modules : 



e : UomM{Mp%Lf^ 4 UomM{Mp%J^Y 



which to a family {hx)xex associates h := Q{{hx)x) defined as follows. For any a G J'' , the 
function h{a) : G{Af) ^ L is given by : 



K(^){9f) = hx 



r-V) 



for g r = Txkjr G G{Af) with t G G{K) and k^&^f. 

Proof. 

Let us prove that G is well defined. First, the definition doesn't depend on the writing of 

g , = Txkjr G G{Af). Indeed, let r' G G{K) and fc' G Aj be such that g r = Txk^ = r'xk'j as 
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well. From the equality rxkr = r'xk'r we deduce r ^r' = xkjk'r x ^. Consequently, since 
kfMf^ ^ -^Z; we have 7 = t^^t' E Tx = G{K) fl x_^fir^. Therefore, since h^ is invariant 
under F^., we have : 



X} 



Let us prove now that h is invariant under G{K). Let r' G G(-ft'), a G J'^ and 9 r = rxkj G 
^(A/). We have : 

{r'.h){a){gj = [T'.h{r'-'a)]{g_^) = h{r'-'a){T'-'gJ, (18) 

and observing that T'~^g = r'^^rxkj, we deduce that : 

/i(r'-V)(r'-i^P = /.^((r'-V)r'-V) = h^{r-'cr) = h{a){gj. 

From these equalities and that of ( TTSl) . we get {t' .h){a){g ) = h{a){g ); consequently 
T'.h = h. 

The inverse map sends h G HomM(Mp^], J^)*^*^-^^ to (/ix)x which is given by 

hx{cr) = h{a){x). 

Let X G X, let us check that h^ is invariant under F^. Let 7 G F^, 7 = (7,,7oo) with 
7 = 7 G G{Af) and 7 = 700 G G'(-ft'oo)- For any cr g J'^, we have : 

(7./i^)(a) = /ix(7oo^.cr) = /i(7^\(t)(x) = h{-f^\a){j_-\^^x) 

Then, 

^(7;;^-o^)(7j^-7^^) = [7^-^(7;;^-^)](7^^) = {l-h){(T){2f^) = h{(r){x) = hj^a). 

It is easy to see that this map is the inverse map of B, and so B is an isomorphism de 
M-modules. 

Remark 4.1. Let {hx)x (^nd h be as in the lemma above. It is easy to check that for any 
h 1 < * < 4, the property (HCi) in the definition of harmonic cochains, cf. Defition \2.1[ 
is satisfied by h if and only if it is by hx for any x. 

Now we can say that we have the following commutative diagram : 
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0HomM(Sp'=(M), Lf^- HomM(Sp'=(M), ^)«W 

x£X 

The arrows are isomorphisms of M-modules. Indeed, B is a isomorphism given by Lemma 
14.1.11 and Remarque 14.11 above. S is an isomorphism by Proposition 13. 2[ The {^x)x''^ and 
\l/ are isomorphisms by Proposition 13.41 and finally the {<^x)x''^ and $ are isomorphisms by 
Theorem 12.11 

4.2 Automorphic forms and harmonic cocycles. 

For any integer k, < k < n, for any x E X, we denote by Sjarrrii (M, L) ~ the set of 
harmonic cochains of degree k and with finite supports modulo F^. 

Theorem 4.1. Let M be a commutative ring and L be an integral M -algebra of charac- 
teristic zero; for every k, < k < n, we have M -isomorphisms : 

Qs)arm\M,Lf'^ = HomMiGiK^)]{Sp\M), 2lnt^/(L)) 

x£X 

and 

^S^armf{M,Lf'' - HomM[GiK^)]{Sp\M), %ut^J{L)). 

x£X 

These isomorphisms are functorial on ^f (i.e. compatible with the inclusions ^'r C ^jr). 

Proof. 

The first isomorphism is already given by the preceding diagram, that is \1/ o $ o B or 
equally H o (\E'^)^ o ($^)^. We use this last formulation to prove the second isomorphism. 
Indeed, by Proposition 13. 2[ S induces an isomorphism : 

0HomM[G(ir^)](Sp'=(M), Qlut,,o{L)) = RomM[GiK^)]{Sp\M), Qlut^'iL)), 
xex 
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so we need only to prove that, for each x& X, hj the isomorphism 

^, o $, : S^arm\M, if-- ^ HomM[G(i^^)](Sp'(M), ^utJ,L)) 

we have I) G Sjarmf{M, L)^- if and only if its image ^p = \E'^ o <l>^(f)) verifies that ip{g) G 
^utx,oiL) for any ^ G Sp*'(M). This last assertion is equivalent to ^{xbjPj) € ^ut^,oiL); 
indeed, ■?/' is a homomorphism of M[G(ifoo)]-niodules and Sp (M) as such is generated by 
g = XBjPj- First, let us prove the "only if part. Let f) G S)armf{M,L)^^, so P) has a 
finite support modulo F^. Hence, there exist finitely many fc-cells cxi, . . . , a,. G J^ such that 
supp([)) C F^o"! U . . . U F^dj.. For every i, i = 1, . . . ,r, set : 

iii = {g E G{K^), gaj = a^}. 

For any i such that ilj 7^ 0, for any go E Hi, we have ilj = ^fo-Bj- Hence, see (J5]) in § 12.21 the 
ill's are compact modulo ZciKao) and then so is their union 11 = U^^^ilj. Furthermore, by 
definition, for any goo G G{Koo) we have : 

^{xBjPj){goo) = Hgoocrj), 

therefore, we have supp (ipiXBjPj)) ^ F^il. 

Now, the "if part. Take V e HomM[G(i^oo)](Sp''(M), ^ut^^o{L)), thus for any g G Sp^(M), 
its image V'(f?) has a finite support. Let us prove that the harmonic cochain f) that corre- 
sponds to ip by the isomorphism \E'^ o $^ is finitely supported modulo F^. From the proof 
of Proposition 13. 2^ there exists 11 C G{Koo) so that the quotient F^\lt/-B is finite, and so 
that supp[ip{xciPj)] ^ il, for any / C A such that \A — 1\ = k (for the definition of the set 
C/, see Q) in § 12. 3p . Take gi, . . . ,gr in G{Koo) so that we have : 

F,\ll/5 = {T^g^B, 1 < 2 < r}. 

If f) is not finitely supported modulo F^, there would be 5^ G G{Koo) and / C A such that : 

(1) ^0^/ ^ U/cA ULi Tx^i^j 
and 

(2) t)igaj) ^ 0. 

The second assertion above is equivalent to i'{xciPj)i9) ¥" 0^ thus g E ii. Contradiction to 
the first assertion. D 
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